ECOLE
'y POLYTECHNIQUE
Discrete Mathematics MA103 — Bachelor — Year 1 Course webpage: http://www.cmap.polytechnique.fr/-kortchemski/dmaths/ UNIVERSITE PARIS-SACLAY

Week g (Midterm exam): Tuesday, November 28th, 8am-10am

Very important:

— Please use different sheets of paper for different parts (or, in other words, use a new sheet of paper
if you change parts).

— Please write your name on the sheets of paper.

All the exercises are independent. You may treat them in any order you want. The quality, the
precision and the presentation of your mathematical writing will play a role in the appreciation of your

work.

Part 1

f?(ercise 1.
1) Give an example of a fun&tion which is not onto and an example of a fun&tion which is not one-
to-one.
2) Show that if f : E — F is a one-to-one function and A is a subset of E, then A = f~'(f(A)).

FExercise 2. Let f : IR — R be the function defined by f(x) = |x| for every x € R.
1) Give a simple expression of the set f([—2,2]). Ju$tify your answer.

2) Give a simple expression of the set f~'([—1,2]). Ju$tify your answer.

Part 2

‘Exercise 3. Let P be the following mathematical assertion
P : “There exists a real number x such that for every real number y we have x +y =p”.

1) Write P using quantifiers.
2) Write the negation of P using quantifiers.

3) Is P true? Justify your answer.

‘E?(ercise 4. Fix two integers a,b € Z. Show that
if a*(b> - b) is odd, then 4, b are both odd.

Hint. You may use the method of proof by contrapositive.

Part 3
f?(ercise 5.
- n*(n+1)°
1) Show that for every integer n > 1 we have Zk3 = —

k=1
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2) How many integers 1 <a,b,c,d < 100 such that a<b and a < c and a <d are there?
Hint. If you do not manage to solve the fir§t question, you can assume that the result of the first

question is true in order to solve this second question.

Part 4
‘Exercise 6. Let g be the funéion defined by

g ¢ RxR — RxR
(xy) > (x+3,xp)

1) Is g one-to-one? Justify your answer.
2) Is g onto? Ju$tify your answer.

Part 5 (optional)

This part is optional and does not count in the grading. Please go beyond only if you have solved all the

previous exercises.

‘Exercise 7. Fix an integer n > 2. In how many ways can we choose two subsets A and B of {1,2,...,71}
such that A C B?

‘Exercise 8. If A is a set, recall that P(A) denotes the set of all subsets of A. Let f : E — F be a function.
Set S={X CE:f'(f(X)) = X}. Define the funttion g as follows:

g + § — P(f(E)
A = f(A)

Show that g is a bijection.

Exercise 9. What does the following image represent?
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