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POLYTECHNIGUE

Week 3: Quantified Statements

In$tructor: Igor Kortchemski (igor.kortchemski@polytechnique.edu)

Tutorial Assi§tants:
— Apolline Louvet (groups A&B, apolline.louvet@olytechnique.edu)
— Milica Tomasevic (groups C&E, milica. tomasevic@polytechnique.edu)
— Benofit Tran (groups D&F, benoit.tran@polytechnique.edu).

1 Important exercises

The solutions of the exercises which have not been solved in some group will be available on the course webpage.

‘Exercise 1. Express the following §tatements with quantifiers and by using the set A of all the Bachelor
students and the assertion P(x,y) : “x knows p”.
a) Everybody knows everybody, b) Somebody knows everybody, c¢) There is somebody whom no

one knows.

Solution of exercise 1.
a)Vxe A VyeA, P(x,p).
b)dx € A, Vy € A, P(x,p).
c)dxeAVyeA, -P(y,x) O

Exercise 2. Let f :R — Rbe a fundtion and (u,),>1 = (11, U, u3,...) be a sequence of real numbers. Write

down with quantifiers, and then negate, these propositions:
a) f is bounded above by one, b) f is increasing, c) f is not decreasing.
d) f is increasing and non-negative, e) The terms of the sequence (u,,) are all di§tinct.
f) The sequence (u,,) is eventually con$tant.

Remark. In English, by increasing and decreasing we always mean $trictly.

Solution of exercise 2.

a) VxeRR, f(x) <1. The negationis dx € R, f(x) > 1.
b) Vx,ye Rx<y = f(x) < f(p).
The negation is dx,y e R,x <y and f(x) > f(v).

c) Let’s §tart with writing the negation, that is f is decreasing. Thisis Vx,p e R,x <y = f(x) >
f@).
f is not §trictly decreasing is therefore: dx,y € R,x <y and f(x) < f(v).
v)) A

d) f isincreasing and non-negative : (Vx,y eRx<y = f(x)<f( (VxeRR, f(x)>0).

Negation:
(Bx,y eRx<yand f(x)> f(y)) or (Ax e R, f(x) <0).

e) Vi,j€N,i=j = u; = u;. The negation is

31,] €N, ij and u; = Ll]'.
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f) AIN>1,YneIN,n>N = u, =uy.

Negation:
VYN elN,dn > N, u,, # uy.

O

Exercise 3. Let A, B be two sets. Write differently, using quantifiers and only the sets A, B, the assertions
a)ACB b)A=B, ¢)ANB=0.

Write the negation of :
d)VxeA,xeB e)dxe A x¢B.

Solution of exercise 3.
a)Vxe A,x€B.
b) (Vx€e A,xe B)A(Vx e B,x € A).
c)VxeA,x¢B) Remark. ¥Yx € B,x ¢ A works as well.
d)dxeA,x¢B
e)Vxe A,xeB.

‘Fxercise 4. Prove that VxeR, (x=0 <= Ve>0, |x|<e).

50[ution of exercise 4. The ” = ” part is clear. Indeed, fix x € R and assume that x = 0. Fix ¢ > 0. The
Statement |0| < € is true. This shows that when x =0, Ve > 0, |x| < ¢ is true.

Let us prove ” <=".

Fir§t method. Fix x € R. We show that the contrapositive x # 0 = Je > 0, x| > ¢. To show this
assertion, assume that x = 0. It is enough to find ¢ > 0 such that [x| > e. We may take for example
e =|x|/2.

Second method. Fix x € R such that Ve > 0, |x| < e. We argue by contradi¢tion and we assume that

x = 0. But we have

Then we have found a particular ¢ > 0 such that ¢ < |x|. This contradi¢ts the faét that for all ¢ > 0
we have |x| < e. O

2

+1
f}(ercisei Prove that Ve >0, AN >0, VneN, ([n >N — 1—s<n

5 <l+¢).
ne+2

Solution of exercise 5. We fix € > 0. We need to prove the exi§tence of N > 0 such that for n > Nwe
have )

l-¢e< <l+e.

n2+2

In other words, we have to show that these inequalities hold for every n large enough.



http://www.cmap.polytechnique.fr/~kortchemski/dmaths/

g
h @5 INsTTUT
/ 0B By
Discrete Mathematics MAA103 — Bachelor — Year 1 Course webpage: http://www.cmap.polytechnique.fr/-kortchemski/dmaths/

POLYTECHNIGUE

Upper bound. For n > 1, since n>+1<n®+2,we always have

2
+1
! <l<l+e.
n2+2
Lower bound. We write, for n > 1.
n?+1 n*+2 1 Lo, 1
n2+2 n2+2 n2+2 n2+2 - n?’

Now, if 1/n? < ¢, i.e. n>V1/¢ then the right-hand side is greater that 1 —¢.

Conclusion. For every ¢ > 0, there exi$ts N, = | V1/¢|+ 1 (where | x] is the integer part of x, i.e. the
greatest integer smaller than or equal to x) such that

n?+1
nzN, = l-e<——<1l+e
nc+2

2 Homework exercises

You have to individually hand in the written solution of the next exercises to your TA on O&ober, 14th.
Exercise 6. For x € R, we define f(x) = x2. Are the follow §tatements true? Justify your answers
a)VxeR, dyeR, vy =f(x) b)dyeR, VxeR, y = f(x)
c)VypeR, IxeR, y = f(x) d)dxeR, VyeR, y=f(x)
e)VxelR, AM >0, f(x) <M f)AM >0, VxeR, f(x)<M
Write the negations of the previous Statements.

Solution of exercise 6.

a) True: for fixed x € R, we take y = x2

b) False: argue by contradiction and assume that y € R is such that y = x? for every x € R. By
taking x = 1, we obtain y = 1. By taking x = 2, we obtain y = 4. This is a contradiction.

c) False: if y = —1, we cannot find x € R such that —1 = x2.

d) False: argue by contradi¢tion and assume that there is x € R such that y = x? for every y € RR.
By taking y = —1 we obtain a contradiétion.

e) True: for fixed x € R, we take M = x2.

f) False. We argue by contradi&tion and assume that there exi$ts M > 0 such that for every x € R

we have x> < M. We take x = M + 1 and obtain (M + 1)> < M, that is M?> + M + 1 < 0, which is a
contradition.

The negations are

a)dxeR, VyeRR, v = f(x) b)VyeR, dxe R, vy #qf(x)
c)dyeR, VxeR, p= f(x) d)VxeR, dyeR, y = f(x)
e)dxeR, VM >0, f(x)>M f)YyM >0, dxeR, f(x)>M

‘Fxercise 7. Show that Yx € R, (x >0 & Je > 0,x > ¢).
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Solution of exercise 7. Fix x € R. We argue by double inclusion.
We first show = . Assume that x > 0. Then by taking ¢ = x/2, we indeed have ¢ >0 and x > «.

We next show <=. Assume that d¢ > 0 such that x > €. Then x > €0.
O

3 More involved exercises (optional)

The solution of these exercises will be available on the course webpage at the end of week 3.
Exercise 8. Let (4,)>1 be a sequence of real numbers and ¢ € IR. By definition, (u,) converges to ¢ as
n—oo0ifVe>0,AN>0,¥VneN, (n>N = |u,-{|<¢).
a) Fix K > 1. Show that (u,) converges to { if and only if Ve > 0,AN > K,Vn e N,(n > N = |u,—{|<¢)
b) Assume that (u,,) does not converge to €. Show that there exists n > 0 and a sequence (iy),>; of

distin¢t integers such that [u; —¢| > 2# for every n> 1.

Solution of exercise 8. a) Let us fir§t show the dire& implication. Assume that (u,) converges to
{. Fix € > 0 and N > 0 such that if n > N, then |u,, — {| < €. It follows that if n > max(N,K) + 1,
then |u, — €| < €). There, we have found an integer greater than K, namely max(N,K) + 1, such that
VneN,(n>max(N,K)+1 = |u, —{|<e).

Let us now show the converse implication. Fix € > 0 and N > K such thatif n > N, then |u,—{| < ¢.

In particular, this means that there exi$ts exists an integer N > 0 such that if n > N, then |u, — | <,
which shows that (u,,) converges to £ as n — oo.

b) Since (u,) does not converge to ¢, this means that 3¢ > 0, VN >0, 3n > N and |u, — €| > ¢.

Therefore, we can fix € > 0 such that the following assertion is true:

(P) YN >0,dn> N and |u, — €| > €.

We use (P) with N = 1: we can find i; > 1 such that [u; —¢| > €.

We use (P) with N =i} + 1: we can find i, > 7; such that |u;, — (| > €.

We use (P) with N =i, + 1: we can find i3 > i, such that |u;, — €| > €.

We continue in this manner and we con$truct a sequence (i,),>; of distin¢t integers such that

lu; —{| > ¢ for every n> 1.

This completes the proof by taking 1 = €/2.

O

Exercise 9. Let A be a set, x € A and P(x) a proposition which depends on x. Write the assertion 3!x €

A, P(x) using quantifiers, as well as its negation.

Solution of exercise 9. Saying that Alx € A, P(x) is true is saying that there exists x € A such that P(x)
is true, and that if P(x) and P(y) are true, then x = y.

(Axe A, P(x) A(Yx,p €A, (P(x) AP(y) = x=1)).

Its negation is
(Vxe A, =P(x))V (Elx,y €A, P(x)AP(y)A(x = y)).
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‘Exercise 10. Colour the points of the plane so that every point is either red, or blue. Show that no matter
how the points are coloured the following two properties are true:

(a) for every x > 0, there exi$ts a colour C such that there exist two points having colour C and at
(Euclidean) distance x.

(b) there exists a colour C such that for every x > 0, there exi$t two points having colour C and at
(Euclidean) distance x.

Solution of exercise 10.

(a) Fix x > 0. Consider an equilateral triangle ABC with side lengths x. By symmetry, assume
that A is red. If B or C are red, we choose C = “red”. If B and C are blue, we choose C = “blue”.

(b) The main difference with the previous question is that now the choice of the colour C has to
be the same for all choices of x. To this end, we argue by contradiction. This means that there exists
Xplue > 0 such that two points at distance xp,e are not both blue, and that there exists x,.q4 > 0 such
that two points at distance x,.4 are not both red.

There exiSts a red point A. Indeed, otherwise, all the points would be blue, and this would
contradict the faét that two points at distance xpjy. are not both blue. Now consider an isosceles
triangle ABC such that AB = AC = x,.q and BC = xpjye. Then B and C must be blue. But they are at
distance xpjye. This is a contradiétion, and completes the proof.

O]

4 Fun exercises (optional)

The solution of these exercises will be available on the course webpage at the end of week 3.
‘Exercise 11. Formalise the following reasonings concerning animals (introduce for example the set K of
all kittens and the set N of nice animals, etc.) and say if they are corret.
1) All kittens are nice. But Gizmo is nice. Thus Gizmo is a kitten.
2) Fluffy is a kitten. But all kittens are nice. Thus Fluffy is nice.
3) No kitten is nice. But Spike is not nice. Hence Spike is a kitten.

)

)
4) No kitten is nice. But Tigger is a kitten. Hence Tigger is not nice.
5) Moét of kittens are called Oscar. But all Oscar’s are nice. Hence some kittens are nice.
)

6) All kittens are called Oscar. But some Oscar’s are not nice. Hence some kittens are nice.

Solution of exercise 11.

1) Not corret: we assume that K € N and Gizmo € N. We cannot conclude that Gizmo € K since
N could have more elements than K.

2) Correlt: we assume Fluffy € K and K ¢ N. Hence Fluffy € N so we can conclude that Fluffy is
nice.

3) Not corret: we assume K NN = 0 and that Spike ¢ N. We cannot conclude that Spike € K
(Spike could be another animal, we could have concluded that Spike € K if we knew that K UN is
the set of all animals).
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4) Correlt: we assume K NN = () and Tigger € K. Hence Tigger ¢ N, so we can conclude that
Tigger is not nice.

5) Correlt. Let O be the set of all animals called Oscar. “Most of” has no precise mathematical
sense. A plausible way is to assume that KN O # 0, O Cc N. A plausible way to interpret “some
kittens are nice” is K NN = (. This is indeed true. Indeed, if we take x € KN O, we hence x € K and
x€ O, hence xe K and x € N, hence KNN =0.

6) Not correét. Let O be the set of all animals called Oscar. We assume that K C O and that
ONN = 0. We cannot conclude that K NN = 0. Indeed, if all Oscars are not nice (that is O ¢ N) we
have K NN = 0, but if there are two oscar kittens, one nice and one not nice, we have KNN =z0. O

Exercise 12. Write, using quantifiers: “You may fool all of the people some of the time; you can even

fool some of the people all of the time; but you can’t fool all of the people all of the time”.

Solution of exercise 12. Let A be the set of all the people and T be the set of all times.

If one interprets “some” by “there exists”, this assertion is

(Et eT,Vx €A, xis fooled at time t) A (Elx € AVt € T x is fooled at time t)

/\—|(Vt € T,Vx € A,x is fooled at time t),
which is logically equivalent to

(Ht eT,V¥xeA, xis fooled at time t) A (Hx € AVt € T x is fooled at time t)

/\(Elt € T,dx € A, x is not fooled at time t),
If one interprets “some” by “at least two”, this assertion is

(Els,t €T,s=tand Vx € A, x is fooled at time t)

/\(Elx,y €A x=yand Vte T, x and y are fooled at time t) A —|(Vt e T,Vx € A, xis fooled at time t),
which is logically equivalent to

(Els,t eT,s=tand Vx € A, x is fooled at time t)

/\(Bx,y €A, x#yand Vte T, x and p are fooled at time t) A (3t e T,dx € A, x is not fooled at time 1

O]

Exercise 13. The squares of an 8 x 8 chessboard are colored black or white. A region composed of 1) a
square s 2) the two squares above s 3) the two squares to the right of s is called an "ell”. Two “ells” are

shown in the figure.

~—
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Prove that no matter how we color the chessboard, there must be two ”ells” that are colored identically
(as illu$trated in the figure).

Solution of exercise 13. First, there are 2° = 32 ways to color a given “ell” in black/white. Second,
there are 6 x 6 = 36 distinct ells in a 8 x 8 chessboard (6 possible abscissa and 6 possible ordinates
for its “main square”). Therefore (by the pigeonhole principle) there must be two ells colored iden-
tically. O
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